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Obata's rigidity theorem [O] as stated below is well-known. 

Theorem 0.1 (Ohata) Let {M,g) be a connected complete Riemannian manifold of 
dimension n > 1, which admits a nonconstant smooth solution of Obata's equation 



^: Vdw + wg = 0. (0.1) 



Then {M,g) is isometric to the n-dimensional round sphere S". 

This theorem has various important geometric applications. For example, it is a 
O ■ main tool for establishing the rigidity part of Lichnerowicz-Obata theorem [01] [Be] 

regarding the first eigenvalue of the Laplacian under a positive lower bound for the 
Ricci curvature. Another example is that it leads to uniqueness of constant scalar 
, curvature metrics in a conformal class of metrics containing Einstein metrics [02] [S]. 

rr^ • On the other hand, Obata's equation (10. ip stands out as an important and interesting 

_c^_' geometric equation for its own sake. 

In this note, we discuss various extensions of Obata's rigidity theorem. First we 
obtain general rigidity theorems and differentiable sphere theorems for the generalized 
Obata equation 

Vdw + f{w)g = (0.2) 

with a given smooth function /. Indeed, in Section 1 we first construct a class of 
Riemannian manifolds Mf^^ for a given function / and a value fi. Then we derive a 
Jacobi field formula from the equation (10. 2p . from which the desired rigidity results 
with M/^^ as model manifolds easily follow. The material in this section is adapted 
from the lecture notes [Y]. A critical point of w is assumed to exist in this section. 
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In Section 2 we formulate some natural conditions on / and show that they imply 
existence of critical points of w. 

In Section 3 we present a derivation of global warped product structures implied 
by the equation (10.21) . Previous works on this subject have been done by Brinkmann 
in [Br] and Cheeger and Colding in [CC]. See that section for further discussions. 
Materials in this section will be used in the subsequent sections and also in the sequel 
[WY] of this paper. 

In Section 4 we handle the hyperbolic case of the generalized Obata equation, 
i. e. the equation Vdw — wg = 0, and obtain hyperbolic versions of Obata's theorem. 
In Section 5 similar results are obtained for the Euclidean cases of (10.21) . Our main 
rigidity results here involve a condition on the dimension of the solution space and 
improve Theorem 1.3 in [HPW] substantially. Our results are actually optimal. In 
this context, besides analyzing the full rigidity case which requires the said dimension 
to be no less than a critical bound, we also characterize the geometry and topology 
of the underlying manifold when this dimension is lower. 

In the last section, we extend our results to the following more general formulation 

Vdw + f{w,-)g = Q (0.3) 

with a given smooth / defined on / x M for an interval I and the general equation 

Vdw + zg = 0, (0.4) 

where w and z are two smooth functions on M, which is equivalent to 

Vdw -g = 0, (0.5) 

n 

where n = dim M. Another equivalent statement is that the Hessian of w has only 
one eigenvalue everywhere. (For the general equation Vdw = wq with an arbitrarily 
given smooth symmetric 2-tensor field q and a smooth function w we refer to [HPW] , 
in which warped product rigidity is derived from this equation under a natural di- 
mensional condition regarding its solution space.) 

All manifolds in this note are assumed to be smooth. The results in this note 
have been extended in [WY] to general Riemannian manifolds without the complete- 
ness assumption. Finally, we would like to acknowledge relavant discussions with 
T. Colding, G. Wei and W. Wyhe. 

Note: We'll add additional references in the upcoming revised version of this 
paper. A further discussion of previous treatments of the equation (10.51) will also be 
provided. 



1 General Rigidity Theorems I 

Before proceeding, we would like to note that Obata's equation can be transformed 
to the equation Vdw + cwg = for an arbitrary positive constant c by a rescaling 
of the metric. This leads to an obvious rescaled extension of Obata's theorem. The 
same holds true for the various extensions of Obata's equation in this paper. 

1.1 Rigidity Theorems 



Theorem 1.1 Let (M, g) be a connected complete Riemannian manifold of dimension 
n > 2 which admits a nonconstant smooth solution w of the generalized Obata equation 
/iO.S^) for a smooth function f{s). Assume that w has at least one critical point p. 
Then M is diffeomorphic to R*^ or S". Moreover, {M,g) is isometric to M/_^ with 
fi = w{p). 

The manifolds Mf^^ will be constructed below. Theorem 11.11 leads to the following 
differentiable sphere theorem. 

Theorem 1.2 Let {M,g) be an n-dimensional connected compact Riemannian man- 
ifold. Assume that it admits a nonconstant smooth solution of the generalized Obata 
equation for some smooth function f . Then M is diffeomorphic to S". 

Note that Obata's theorem easily follows from Theorem 11.11 as it is easy to show 
that the solution w there must have a maximum point. 

1.2 Construction of Mj^ 

Let f{s) be a smooth function defined on an interval I = {A,B), [A,B), {A,B] 
or {A, B) {A is allowed to be — oo and B is allowed to be oo), and let // e / satisfy 
/(/i) 7^ 0. Let u be the unique maximally extended smooth solution of the initial 
value problem 

m" + /(m) = 0,m(0) = /i,u'(0) =0. (1.1) 

By the uniqueness of u we infer that u is an even function. On the other hand, there 
holds u"u' + f{u)u' = 0, which implies 

u'^ = -2h{u), (1.2) 

where h is the antiderivative of / such that /i(/x) = 0. Let T be the supremum of t 
such that u is defined on [0, t] and m' 7^ in (0, t]. We define for n > 2 

g = dt^ + /(/i)- W-i (1-3) 



on (0,T) X S"~^. Set (p = -f{fi)-^u'. Then 0(0) = 0, 0'(O) = 1. Moreover, (p is 
an odd function because u is even. It follows that g extends to a smooth metric on 
the n-dimensional Euclidean open ball Bt{0) where -Br(O) — {0} is identified with 
(0,T) X S"~^. (If T = oo, then Bt{0) = R".) There are three cases to consider. 

Case 1 h{s) ^ for all s > /i if /(/i) < 0, and /i(s) 7^ for all s < /i if /(/i) > 0. 

In this cas we make the following divergence assumption: 

-hy^l'^ds = cx), (1.4) 



where J = {jJi^B) if /(/i) < and J = {A, fi) if /(/x) > 0. To proceed, consider the 
function s = u{t) on [0,T). We have t = u^^{s). By (ll.2p there holds 

I = ±{-2h{s)r'/^ (1.5) 

and hence 

t = t{s) = ± l\-2h{T))-^'''dT. (1.6) 



It follows that T = Jj(—2h)^^^'^ds = 00 and the manifold (R",^') is complete. We 
denote it by Mj^^. A pair (/, fi) satisfying the above conditions will be called of non- 
compact type I. 

Case 2 h{u) = for some z/, where z/ > /i if f{fi) < and z/ < /x if /(/i) > 0. We 
assume that z/ is the nearest such number from /i. 

Case 2.1 There holds /(z/) = 0. We say that (/, /i) is of noncompact type II. 

Since h'(i') = f{u) = it then follows that Jj{—h)^^^'^ds = 00, where J = (yU, z/) 
or (i^jfi). As before, we infer that T = 00. The complete manifold (R",(7) is again 
denoted by Mf^^. 

Case 2.2 There holds f{u) ^ 0. 

Lemma 1.3 Assume /(z/) 7^ 0. Then T is contained in the domain of u and u(T) = 

V. 

Proof. We present the case /(/i) < 0, while the case /(/i) > is similar. Since h' = f, 
the condition /(z/) 7^ implies f'^{—h)^^'^ds < 00. By the definition of T there holds 



u{t) < z/ for all < t < T. Hence 

T< f {-2h{s))-^/^ds < oo. (1.7) 

J fj, 

On the other hand we have \u"\ < \f{u)\ < niax{|/(s)| : fi < s < u} on [0,T). 
Consequently, T is in the domain of u. By the definition of T we then infer T = z/. ■ 

Next we assume in addition to /(z/) 7^ the coincidence condition /(/u) = — /(z/). 
(The pair (/, /i) will be called of compact type.) Then the metric g smoothly extends 
to S", where S" — {p, —p} {p G S") is identified with (0,T) x S"""^. The Riemannian 
manifold (S",(7) is also denoted by Mf^^. 

Note that the above arguments also provide a formula for the solution u. Indeed, 
u{t) is the inverse of the function t{s) given by (II. 6p . 

Lemma 1.4 In the above construction ofMf^^, the function w = u{t) on (0, T)xS"'^"'^ 
smoothly extends to Mf^^ and satisfies the generalized Obata equation liO.^) with the 
given f . 

Proof. The evenness of u implies that m is a smooth function of t^. But t is the 
distance to the origin. In geodesic coordinates x* there holds t^ = |xp and hence 
w = u{t) extends smoothly across the origin. The situation in a second critical point 
is similar. On the other hand, a calculation similar to the proof of Lemma [4. 71 below 
shows that w satisfies the generalized Obata equation on (0,T) x S"~^, and hence on 
Mf,,. ■ 

Examples 1 In the following examples the domain of / is R. 

1) f{s) = s^™ for a natural number m, h{s) = (2m + l)~^[s'^'^^^ — 1) and fi = 1. This 
is of noncompact type I. 

2) f{s) = 1, h{s) = s — 1 and /i = 1. This is also of noncompact type I. Note that 
Ml 1 is the Euclidean space R". 

3) /(s) = s^ — s, h{s) = ^s"^ — |s^, fj. = —a/2 and v = 0. This is of noncompact type 
II. 

4) f{s) = s^™~^ for a natural number m, h{s) = {2m)~^{s'^"^ — l),fi = l and z/ = —1. 
This is of compact type. Note that Mg^i is the round sphere S". Indeed, there holds 
in this case u = cost, u' = — sint and hence g = dt^ + sin^ t ■ gs^-^- 

5) /(s) = cos s, h{s) = sin s, /x = 0, z/ = vr. This is of compact type. 

1.3 Calculation of Jacobi fields 



Lemma 1.5 Let w be a nonconstant smooth solution of the generalized Obata equa- 
tion liO.S^) on a connected complete Riemannian manifold (M, g) of dimension n and 



for a smooth function f{s). Let po be a critical point of w. Set fi = w{po)- Then 
/(yu) 7^ 0. Consequently, Pq is a nondegenerate local extremum point of w. Moreover, 
if '-f is a unit speed geodesic starting at pq, then there hold 

w{-f{t)) = u{t) (1.8) 

and 

Vwo7 = mY, (1-9) 

where u is the solution of ( fi.ij) . In particular, 7 (with critical points of w deleted) 
consists of reparametrizations of gradient flow lines ofw. 

Proof. Along each unit speed geodesic 'j(t) there holds 

^^(7(t)) + /Ht)) = 0. (1.10) 

We also have J^w(7(i))|t=o = 0. Hence the formula 01. 8p holds true. The claim 
/(yu) 7^ follows, because otherwise w{'y(t)) = fi and hence w = ^ on M. The fact 
f{fi) 7^ and the equation (10. 2 p imply that po is a nondegenerate local extremum 
point of w. 

To see (II. 9p we write Vw o 7 = X + ^7', where X is normal. The generalized 
Obata equation is equivalent to 

VvVw + /(w)v = (1.11) 

for all tangent vectors v. We deduce that X is parallel and 0' + f{u) = 0. Hence we 
have X = and 0' — u" = 0. The last equation and the initial values of and u' 
imply (f) = u'. M 

Next we present a calculation of Jacobi fields. 

Proposition 1.6 Assume the same as in Lemma UTSi Let Y be a normal Jacobi field 
along 7 such that Y{0) = and V denote the parallel transport of Y'{0) along 7. 
Then there holds 

Y = -f{^)-\'V. (1.12) 

Proof. Set u = 7'(0), v = Y'{0) and 7(t, s) = expp„(t(u + sv)). Then 

Y{t) = |^|,=o. (1.13) 

By (11.91) we deduce 

Vw;(7(t, s)) = |u + sv|-V(t|u + sv|)-^. (1.14) 

at 
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Hence 



VyVw = —{\vL + s^J\-^\■u\t\n + sw\))\s=Q^ 

+ \M + s\\-'^u\t\M + s\\)S/a_Y. (1.15) 



Since ^lu + svl = lu + svl ^u ■ v = 0, we infer 



It follows that 



VyVw = u'Wa_Y. (1.16) 

dt 



u'WaY + f{u)Y = Q. (1.17) 



Setting Y = (pV we deduce u'cp' + f{u)(l) = 0, i. e. u'cj)' — u"(f) = 0. It follows that 
(j) = Cu' for a constant C. Since 0(0) = and (f>'{0) = 1 we derive = —f{fi)~^u'. ■ 

1.4 Proof of Theorem 11.11 

Proof of Theorem \l . l\ We can assume n > 2. The formula (I1.12p implies 

dexp,,U^) = _ /M~'^V (t) (1.18) 

which leads to 

(^xp*po9 = dr"^ + /(At)"^M'^fl's"-i (1-19) 



for all r > 0. By Lemma 11.51 each unit speed geodesic 7 starting at po is a 
reparametrization of a gradient flow line of w (before reaching a critical point of 
w). Hence they can't meet each other before reaching a critical point oiw. Moreover, 
no 7 can intersect itself before reaching a critical point of w. By (II. 9p . they reach a 
critical point precisely at the first positive zero of u'. If u' has no positive zero, then 
we conclude that expp^ is a diffeomorphism from Tp^M onto M. Next let T be the first 
positive zero of u' . Then expp,^ is a diffeomorphism from -Bt(O) onto Bt{po) (both are 
open balls). By (ll.lSp . expp^ maps (95^(0) onto a critical point pi. Employing the 
exponential map expp-^ we then infer that expp^ extends to a smooth diffeomorphism 
from S" onto M. Finally, from the construction of Mf^^ and the completeness of 
g it is easy to see that (/, /i) is one of the types in that construction and (M, g) is 
isometric to M/^^. ■ 



2 General Rigidity Theorem II 

The main purpose of this section is to present natural conditions on / which allow us 
to remove the condition of critical points in Theorem 1 1 . 1 1 and e. g. imply a differential 
sphere theorem without assuming compactness of the manifold. 

Definition 1 Let f{s) be a smooth function on an interval /. 

1) We say that / is coercive, if the following holds true. Let hhe a somewhere nega- 
tive antiderivative h of /. Then h has zeros. Moreover, there holds /(/x)^ + /('^)^ 7^ 
if h{fi) = h{v) = and h < on (/i, u). If the maximal zero /i exists and h < on 
I n {^, 00), or if the minimal zero /i exists and h < on I (1 (—00, /i), we also assume 
/(/i) 7^ 0. (A special case is that /(/x) ^ for each zero /i of /i.) 

2) We say that / is degenerately coercive, if it is coercive and the following holds 
true. Let h be an antiderivative h of /. If h{fi) = h{v) = and h < on (//, z/), then 

/(/^)/(^) = 0. 

3) We say that / is nondegenerately coercive, if the following holds true. Let h be 
a somewhere negative antiderivative h of /. Then /i~^((— 00, 0)) is a disjoint union 
of bounded intervals whose endpoints are contained in the domain of /. Moreover, 
there holds /(/i) 7^ for each such endpoint /x. 

Examples 2 In the following examples, the domain of the function is R. The func- 
tion f{s) = s^m-i ^Qj, g^ natural number m is nondegenerately coercive. The function 
f{s) = ±s^™ for a natural number m is degenerately coercive. The functions f{s) = 1 
and f{s) = 1 + 1 coss are degenerately coercive. The function /(s) = coss is nonde- 
generately coercive. The function /(s) = s^ — s is degenerately coercive. It is easy to 
construct many more examples. 



Theorem 2.1 Let (M, g) be a connected complete Riemannian manifold of dimension 
n > 2 which admits a nonconstant smooth solution of the generalized Obata equation 
l\U.2\) for a coercive function f . Then M = Mf^^ for some fi. In particular, M is 
diffeomorphic to S" or R" . 

Theorem 2.2 Let (M, g) be a connected complete Riemannian manifold of dimension 
n which admits a nonconstant smooth solution of the generalized Obata equation liO.S\) 
for a degenerately coercive function f. Then M is diffeomorphic to R". Moreover, if 
n>2, then {M,g) is isometric to Mf^^ for some fi. 

Theorem 2.3 Let (M, g) be a connected complete Riemannian manifold of dimension 
n which admits a nonconstant smooth solution of the generalized Obata equation Ii0.2\) 
for a nondegenrately coercive function f . Then M is diffeomorphic to S". Moreover, 
if n > 2, then (M, g) is isometric to Mj^^ for some fi. 



In the case of Obata's equation, we have f{s) = s and hence h{s) = |s^ — C. It 
is easy to see that / is nondegeneratly coercive. Hence Obata's rigidity theorem is 
included in Theorem 12.31 as a special case. 

Lemma 2.4 Let u be a nonconstant smooth solution of the equation 

u" + fiu) = (2.1) 

on R for some smooth function f. Then the following hold true. 

1) u is symmetric with respect to each of its critical points. 

2) If f is coercive, then u has at least one critical point. 

3) If f is degenerately coercive, then u has precisely one critical point. 

4) If f is nondegenerately coercive and M'(to) = for some t^, then u'{ti) = for 
some ti > to- (It follows that u is a periodic function.) 

Proof. 1) Let to be a critical point of u. Then u{to — t) = u(tQ + 1) follows from the 
uniqueness of the solution of (11. ip . 

2) Let / be coercive. Assume that u has no critical point. Then m(R) is an open 
interval (/ii,/i2)- By (II. 2p there holds h j^ on (/ii,/i2). There holds for the inverse 
t = t(s) of u{t) 

t = ± I i-2h{s)y^/^ds + to (2.2) 

Jc 

with c = u(to) for some to in the domain of u. Since u is defined on R we deduce 

/•M2 re 

/ {-2h{s))-' /^ ds = oo, {-2h{s))-'/^ds = oo. (2.3) 

J c J rn 



If follows that h{fii) = whenever /ij is finite, i = 1,2. It is impossible for both /xi 
and H2 to be infinite, otherwise m(R) = R and then h{u{t)) = for some t, and hence 
u'(t) = 0. By the coercivity assumption we then deduce that h{fii) = and /(uj) ^ 
for some i, say i = 2. But then 



M2 



-2h{s))-^/^ds < cx) (2.4) 



as h'{fi2) = fifJ'2) 7^ 0. This is a contradiction. The case i = 1 is similar. 
3) Let / be degenerately coercive. Assume that u has more than one critical points. 
Since u is nonconstant, we translate the argument to achieve the following: u has 
critical points and to > 0, such that m' 7^ on (0,to). Since u is nonconstant, there 
holds /(/i) 7^ 0, where /x = m(0). It follows that /(z/) = 0, where u = M(to). It follows 
then that 

to = l{-2h{s))-^''^ds = 00, (2.5) 
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which is a contradiction, where / = {fi, v) or (z/, /i). 

4) Let / be nondegenerately coercive and to a critical point of u. Translating the 
argument we can assume to = 0. Then u is an even function. Hence it suffices to 
find one more critical point of u. Set /i = m(0). There holds /i(/i) = 0. By (11. 2p . 
h is nonpositive on the interval 'u(R). By the nondegenerately coercive assumption 
we then infer that m(R) C [a, h] for some finite a and h such that /i < on (a, h) 
and h{a) = h{b) = 0. Obviously, there holds fi = a or b. We consider the former 
case, while the latter is similar. Assume that is the only critical point of u. Then 
m(R) = u([0, oo)) = [fi, c) for some c < b. It follows that 

{-2h{s))-^/^ds = oo. (2.6) 

If c < 6, then there holds \h\ > 5 in a neighborhood of b for some 6 > 0. Consequently 
we infer 

f\~2h{s))-^'^ds < oo, (2.7) 

J fjb 

contradicting (12.61) . If c = 6, we also derive (12. 7p as h'{b) = f{b) ^ Q. ■ 

Lemma 2.5 Let w he a nonconstant smooth solution of the generalized Ohata equa- 
tion with some f on a complete Riemannian manifold {M,g). If f is coercive, then 
w has at least one critical point. 

Proof. Choose a point p E M with Vw{p) ^ 0. Let 7 be the unit speed geodesic 
such that 7(0) = p and 7'(0) is the unit vector in the direction of Vw(p). Set 
u{^^ = w{'y{t)). Then there holds u" + f{u) = 0. By Lemma, u has at least one critical 
point to. Following the arguments in the proof of Lemma we deduce Vw(7(t)) = ^7' 
with (p = u' + c. But m'(0) = |Vw(p)| = 0(0). Hence (p = u' . If follows that 
Vw7(7(to) = 0. ■ 

Proof of Theorem \2.1\ This follows from Lemma 12.51 and Theorem II. 1[ ■ 

Proof of Theorem \2.1\ and Theorem \ 2. S\ Th.eY follow from Lemma [2751 Lemma EH and 
the proof of Theorem 11.11 In particular, the case of the exceptional dimension n = 1 
in Theorem 12.11 follows from 2) of Lemma [2.41 because a solution of (11.11) on S^ leads 
to a periodic function u(t). ■ 



3 Warped Product Structures 

In [Br], using a result of partial differential equations and calculation in coordinates, 
Brinkmann derived from the equation (10.21) a local warped product structure for 
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the metric. In [CC], Cheeger and Colding derived from the equation fl0.4p a global 
warped product structure for the metric in terms of calculation of differential forms. 
In this section, we present a slightly different derivation of global warped product 
structures based on the equation (10.21) . Our approach uses the given solution w as 
a global coordinate, which is motivated by the arguments in [Br]. This leads us to 
using the flow of the vector field |Vw|~^Vw in the construction. In comparison, the 
arguments in [CC] implicitly involve the vector field |Vw7|~^Vw. (The latter vector 
field also enters into our argument in an auxiliary and different way, see the proof 
of Lemma [3.31 ) The results in this section will be extended to the general equation 
(10. 4 p in Section 6, where a special technical point regarding it will be handled. (Some 
lemmas in this section are formulated for the general equation (10. 4p .) 

The formulation in this section is particularly convenient for the applications in 
the subsequent sections. Its detailed arguments are also needed in [WY] for dealing 
with incomplete manifolds. 

Lemma 3.1 Let w and z be two smooth functions on a Riemannian manifold {M,g) 
satisfying the equation ( [0.^| ). Let N be a connected component of a level set of w. 
Assume that N contains no critical point of w. Then |Vw| and z are constants on 
N. Moreover, the shape operator of N (with the normal direction given by Vw) is 
given by \Vw\~^ZNld, where z^ is the constant value of z on N. In particular, N is 
totally geodesic precisely when z^ = 0. 

Proof. The equation (10. 4p is equivalent to 

VuV^ + 2u = (3.1) 

for all tangent vectors u. We infer for u tangent to N 

Vul Vw|2 = 2VuVw ■ Vw = -2zu ■Vw = 0. (3.2) 

Hence |Vw| is a constant on A^. Next we have 

Vw 
Vv^Vw + z—-— = (3.3) 

and hence 

z = — V v^ iVwP. (3.4) 

2 WW 

Let F{t,p) denote the flow lines of Vu7/|Vwp starting on A^, where p is an initial 
point and t the time, with the initial value of t being fi, the value of w on N. There 
holds 

^.(F(,P)) = V».^ = 1. (3.5) 
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Hence w{F{t,p)) = t. By the established fact that \Ww\ is a constant on each 
component of any level set of w we infer that \Ww\{F{t,p)) is independent oi p E N . 
Now V_v» |Vwp is equal to ^|Vwp(F(t,p))|i=^, and hence independent oi p E N . 

We deduce that 2; is a constant on A^. 
Finally we have 



Vu^^ = -\Vw\-'^zM (3.6) 



for tangent vectors u of A^. 



Lemma 3.2 Let w and z be two smooth functions on a Riemannian manifold {M,g) 
satisfying the equation ^0.4\)- Then the flow lines ofVw/lVwl in the domain {Vw 7^ 



0} are unit-speed geodesies. 
Proof. By (13.11) we deduce 

Vv^^^iA = -iVwr^zVw- |Vw|"^(Vv^Vw- Vw)Vw 
\\/w\ 

= -\Vw\'^zVw + \Vw\''^zVw = 0. (3.7) 

The claim of the lemma follows. I 



Lemma 3.3 Assume that w is a nonconstant solution of the generalized Obata equa- 
tion l\0.^) on a Riemannian manifold {M,g) for a given smooth function f. Let /i 
be a value of w and N a connected component ofw^^{fi). Let a denote the value of 
|Vif I on N, which is a constant by Lemma \3. 1[ Then there holds forp G M 

|Vw|2(p) = h{w{p)), (3.8) 

where h{s) = a^ — 2 J f{T)dT, as long as there is a gradient flow line 'j of w such 
that 7(t) converges to a point of N in one direction and it converges to p in the other 
direction. 

Proof. By a reparametrization we can assume that 7 is a flow line of Vtf/|Vw|, and 
hence a unit-speed geodesic by Lemma IX^ Set u = w{'y{t)). Then m'^ = iViyp. As 
in Section 1, we have u" + f{u) = and hence {{u'Y — h{u))' = 0. (Note that h here 
is different from h in Section 1.) We infer (m')^ = h{u) + C or |Vwp = h{w) + C. 
Evaluating at a point of A^ we deduce C = 0. ■ 
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Lemma 3.4 Let w be a nonconstant smooth solution of the generalized Ohata equa- 
tion ^0.4\) on a Riemannian manifold (M, g) for a given smooth function f . Let N be 
a connected component ofw~^{fi) for some /i. Assume that Vw y^ on N. As above, 
let F{s,p) be the flow lines 0/ Vw/|Vwp starting on N with the initial time being /i. 
Assume that F is smoothly defined on I x N for a time interval I. Then there holds 

„ ds"^ his) ds'^ his) ,^ „, 

where a denotes the value of \Vw\ on N, h is the same as in Lemma U7S\ and gjsi is 
the induced metric on N . 

Proof. Let u G TpN for some peN. Set F^ = dF(^s,p){u) and F, = ^. Using (ITTT]) 
and (13. 8p we calculate 

— |F„|2 = 2Vf^Fs-F^ = 2Vf^t=^-F^ 
OS |Vwp 

= -2f{w)\VwnF^\' = ^\F^\'. (3.10) 



h{s) 



Similarly, there holds 



Trl^.r = 2VjLT=^^-F, = -2f{w)\Vw\-^\F,\^ + 4f{w)\Vw\-^\F,\^ 
OS 9= |Vw|^ 

= 2f{w)\VwnF,\' = -^\F4\ (3.11) 



his) 



Integrating then leads to 



|2/„ „A _ hi^ir^ 12/ 
v2 



\Fu\\p,s) = ^|F„|^(p,/i), 

„2 



12/ ^ " 



\F.nP,s) = —lF,np,,) = —. (3.12) 



Theorem 3.5 Let {M,g) be a connected complete Riemannian manifold which ad- 
mits a nonconstant smooth solution w of the generalized Ohata equation W.2^) for some 
smooth f . Let I denote the interior of the image I^ of w. Let ;U G /. Set N = w^^{^) 
and Q = w'^^{I). Then {N,gi\i) is connected and complete with the induced metric 
gjsf and there is a diffeomorphism F : I x N ^ Q such that w{F{s,p)) = s for all 
{s,p). The pullback metric F*g is a warped product metric given by the formula Ii3.y\) . 
Furthermore, there holds M = Q and dfl consists of at most two points. Each point 
is either a unique global maximum point or a unique global minimum point of w. 
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Conversely, if {N^g^) is a Riemannian manifold and h{s) a positive smooth func- 
tion on an interval I , then the function w = s on I x N satisfies the generalized Obata 
equation with f = —\h', where I x N is equipped with the metric h'^ds"^ + hg^. 

We would like to remark that this theorem can be used to replace some arguments 
in Sections 1 and 2. This can e. g. be seen from the proofs of Theorem 14.41 and 14.51 
below. But the approach adopted in these two sections is more concise. 

An immediate consequence of Theorem 13.51 and Theorem 1 1.1 1 is the following result. 

Theorem 3.6 Let (M, g) be a connected complete Riemannian manifold which ad- 
mits a nonconstant smooth solution w of the generalized Obata equation liO.^) for some 
smooth f . Then either (M, g) is isometric to Mf^^ for some f and fi, or isometric to a 
warped product R x^ (A^, ^f^v) for a complete connected Riemannian manifold {N, fyfjv) 
and a positive smooth function (p on R. In the former case, M is diffeomorphic to 
R" if w has precisely one critical point, and it is diffeomorphic to S^ if w has two 
critical points. 

Proof of Theorem \3.5\ Given the above results, the main point here is to construct the 
diffeomorphism F in details, which requires some care in the case of a noncompact 
M and a possibly noncompact A^. Let A'q be a nonempty connected component of 
A^ and let F{s,p) be the same flow lines as given in Lemma |3.4[ with A^ repalced 
by A'q. By the completeness of g, the induced metric gN^ is complete. The formula 
w{F{s,p)) = s follows from a simple integration along the flow lines. Let Jp be the 
interval of values of w along the maximally defined F{s,p) for p G Aq. By Lemma 
13. H |Vw| at F{s,p) depends only on s. This fact and the completeness of g imply 
that J = Jp is independent of p. Let Q be the image of F{s,p) for p E Nq and s E J. 
Then F : J x Nq ^ Q is a. diffeomorphism. 

Let p G dfl. Then we have F{sk,Pk) — ^ P for some Sk E J and pk G A'o- There 
holds Sfc — )■ s* = w{p). We can assume that Sk is a monotone sequence. Let cr(s) 
denote the value of \Vw\ at F{s,p). If Vw{p) ^ 0, then F{s,pk) is defined on an open 
interval J' containing s* as long as k is large enough. Fix such a feg. Consider the case 
s* > /i, while the case s* < /i is similar. The length of the curve 7fc(s) = F{s,pk), fi < 
s < s* is given by L = J a'^. This integral is finite because a{s) is smooth and 
positive on [fi, s*]. It follows that dist{p.,pk) < L + 1 for k large. By the completeness 
of (M, g) a subsequence of pk converges to a point q G A'o- There holds F(s, q) ^ p 
as s — )■ s*. But -F(s, q) is not defined at s*, otherwise we would have p G f2. We infer 
that p is a critical point of w, and hence a nondegenerate local extremum point of 
w (Lemma 11.51) . It follows that the level sets of w around p are connected spheres 
filling a ball. (This is also clear from the proof of Theorem 11.11 ) Since -F(s, q) passes 
through them, we infer that a neighborhood U oi p satisfies U — {p} C Q. Note that 
the image of A'o under F{s,-) for s close to s* is one of the said spheres. 
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Obviously, the above conclusion implies that Cl is open. Hence Q = M. We also 
infer M = Q = QU S, where S consists of at most two critical points of w. If p G S, 
then w{p) is an endpoint of J = /. Moreover, w{pi) ^ w{p2) if 5* contains two points 
Pi and p2- All these also imply A^o = N. Finally, the claimed warped product formula 
f l3.9p follows from Lemma I3.4[ I 



4 Hyperbolic Versions 

3.1 Main Theorems 

In this section we consider the following hyperbolic case of the generalized Obata 
equation 

Vdw -wg = 0. (4.1) 

We first have the following immediate consequence of Theorem 11.11 

Theorem 4.1 Let {M,g) be a connected complete Riemannian manifold which ad- 
mits a nonconstant solution of equation ( [^.g| j with critical points. Then it is isometric 
to H". 

Note however that the function f{s) = —s in (14. ip is not coercive. Indeed, we can 
take the antiderivative h{s) = — |s^. Then is the only zero of h and h{0) = /(O) = 0. 
More to the point, the solution u = sinht of the equation 

u" -u = (4.2) 

has no critical point. Hence Theorem 12.11 and Theorem 11.11 are not applicable here. 
We consider instead the dimension of the solution space for (14. ip . First we would like 
to mention the following recent result ([Theorem 1.3, HPW]). 

Theorem 4.2 (He, Petersen and Wylie) Let {M,g) be a simply connected complete 
Riemannian manifold of dimension n. Assume that the dimension of the space of 
smooth solutions of the equation 

Vdw + Twg = (4.3) 

is at least n + l, where r = — 1 or 0. Then {M,g) is isometric to H" if t = —1, and 
isometric to R" z/r = 0. 
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We obtain the following two theorems and their Euclidean analogs which improve 
this result substantially and are indeed optimal. 

Definition 2 For a Riemannian manifold {M,g) and a smooth function f{s) let 
Wf{M,g) denote the space of smooth solutions of the generalized Obata equation 
(O on {M,g). We set Wh{M,g) = W.siM,g). 



Theorem 4.3 Let (M, g) be a connected complete Riemannian manifold of dimension 
n > 2. Set Wh = WhiM,g). Then dimWh > n iff {M,g) is isometric to H". 
Consequently, if dim Wh > n, then dim Wh = n + 1. 

Theorem 4.4 Let (M, g) be a connected complete Riemannian manifold of dimension 
n > 2. Set Wh = Wh{M,g). Then dim^Wh = n — 1 iff {M,g) has constant sectional 
curvature -1 and is diffeomorphic to R"^-*^ x S^ (equivalently, tti{M) = Z). More 
precisely, dimWh = n-1 iff{M,g) is isometric toYi'^~l{S''{p)) orH"~^(Hexp(S^(p))) 
for some p > 0. (The former contains a closed geodesic while the latter doesn't.) 

The following theorem characterizes lower dimensions of Wh{M,g). 

Theorem 4.5 Let {M,g) be a connected complete Riemannian manifold of dimen- 
sion n and 1 < k < n — 1. Then dimWh{M, g) >k iff M is isometric to 'iil^^^^{N, g^q) 
or H^~J^(Hcxp(A^, (^at)) for a connected complete Riemannian manifold (N,gj^^) of di- 
mension n — k. 

The definition of the manifolds involving cosh and exp in the above theorems is 
given below. 

Definition 3 Consider a Riemannian manifold {N,g]\f). 

1) The cosh warping Hcosh(A^, fl'A?) of {N,gi\i) is defined to be the warped-product 
R >^cosh {N,gN)- More precisely, it is defined to be {N,gff), where A^ = R x A^ and 
(y'jv = dr'^ + cosh^ ^ ■ Qn- 

2) The exponential warping Hexp(iV, (?) = {N,gfj) is defined by iV = R x A^, (yf^ = 
dr"^ + e^'^gN- 

3) H^(A^, (yfTv) denotes the fc-fold iteration of the warping, where = cosh or exp. 
More exphcitly, H^^^hl^^^Jv) = {N.gf,) with iV = R'^ x A^ and 

gf; = dr\ + cosh^ ridr^ + ■ ■ ■ + cosh^ ri ■ ■ ■ cosh^ Tk-idrl 

+ cosh^ ri ■ ■ ■ cosh^ r^ ■ gN- (4.4) 

Note that Ul^^^iYT") = H™+^ H;;-j^XR) = H", and H;;^;j^(Si(p)) is hyperbohc and 
diffeomorphic to R"~^ x S^, where S^(p) denotes the circle of radius p. The last 
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manifold contains a closed geodesic of length 27rp. Furthermore, Hcosh(A^, 5'Af) is hy- 
perbolic if {N,g]\r) is hyperbohc, and Hexp(A^, fi'Af) is hyperbolic if {N,g]\f) is flat. 

3. Proofs of Main Theorems 



Lemma 4.6 Let {N, g^) be a Riemannian manifold and a positive smooth function 
on an interval I . Define g = dr"^ + (f)'^{r)g]\f on I x N. For a vector field X on I x N 
which is tangent to N we write X = Y2 (^"^a, where e^ is a local orthonormal frame 
of {N,gN). Let V^ be the Levi-Civita connection of g^- Then there hold w. r. t. g 

VvX = Vf X - {X ■ v)0'0"'|- & VaX = V(0a-)'e,, (4.5) 

Of Br -i— ^ 

where v is tangent to N. Consequently, there holds V^(^X) = {(ptpyx, if X is 

Or 

independent of r. On the other hand, there hold for v tangent to N 

Vatt = 0& Vv7^ = 0'0"^v. (4-6) 

dr (jr dr 

It follows in particular that each function w = J (f){r) satisfies the generalized Obata 
/ lO.^P equation with /(s) = — 0'(r(s)), where r(s) is the inverse of (j)'{r). 



Proof. These formulas are well-known and follow from easy calculations. Using them 
it is easy to derive Vdw = (f)'{r)g, hence the claim regarding w follows. (This has 
already been observed in [CC].) I 



Lemma 4.7 Let {N,g) be a Riemannian manifold and Wq a smooth solution of the 
equation ^4-^ on {N,g). Then the functions sinhr and coshr ■ Wq are solutions of 
17^ on Hcosh{N,g). Consequently, dimWh{iicosh{N,g)) = dim{N,g) + 1. 



Proof. Set 0(r) = coshr. Consider the function w = coshr ■ wq = (f){r)wQ. We have 

d_ 
dr 



Vw = (l)'wo-^ + 0~ V^wo. (4.7) 



By Lemma [4.61 we then deduce 



VjlVw = (p"wo— + {(P<j)-')Vwo = w— (4.8) 

dr (jr Or 



and for v tangent to N 



V^Vnj = </.'(vwo)^ + (0')'0"'«^ov + 0^V^V^t/7o-(vwo)0'^ 

= {(p'fcp'^WQW + (p'^WQW = wv. (4.9) 
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The first claim of tlie lemma follows. Using f l4.6p we also deduce that sinhr is a 
solution of f l4.3p . (This also follows from Lemma [4.61 ) ■ 

The following lemma is an immediate consequence. 

Lemma 4.8 The functions sinhri, coshri sinhr2, coshri coshr2 sinhrs, ... coshri ■ ■ • 
coshr,fc_i sinhr/c and coshri ■ ■ ■ coshr^ ■ Wq (c. f. (J^) on ii'^^^y^{N, g^) are solutions 
of the equation ([7]^? where Wq is an arbitrary solution of Iji4-!^ on {N,gi\f). 



Proof of Theorem \4.5\ The "if part is provided by Lemma 14. 7[ Now we prove the 
"only if part. We set W = Wh{M,g) and assume and assume dim W > k. The 
equation (14. 3 p is linear, hence ly is a vector space. As in [HPW] we choose po & M 
and consider the evaluation map $pQ : W — )■ RxTp^M, $pq(w) = {w{po), Vw(po))- By 
Lemma [L5| its kernel is trivial. Hence it is injective, as observed in [HPW]. Let Tp^^M 
stand for {0} xTp^M. We have dim{im^+Tp,^M) < n+1. Set dim{im^nTp^M) = I 
Then dim{im $ + Tp^M) = I + {k - I) + {n - I) = k + n - I. It follows that 

k + n-l <n + l, (4.10) 

whence I > k — 1. 

1) First assume k > 2. Then / > 1. Choose wq & W such that $(wo) is nonzero and 
belongs to im $ fl Tp^M. Then wo{po) = 0, Vwo(po) 7^ 0. Set A^ = Wq'^{Q). We apply 
Theorem 13.51 There holds fi = 0. We choose Wq such that a = \'Vwq{pq)\ = 1. Then 
we have 

ps 
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h{s) = I - 2 {-T)dT = 1 + s\ (4.11) 

Jo 

On the other hand, the formula (13.90 implies |Vwop = |Vsp = h{s) = 1 + s^ > 1. 
It follows that J = R and F is a diffeomorphism from R x A^ onto M. Setting 
r = sinh~^ s we deduce 

F*g = dr^ + cosh^ r-gi^. (4. 12) 

Moreover, sinh~^ maps R diffeomorphically onto R. It follows that (M, g) is isometric 

to Hcosh(A^,fl'^r)• 
By Lemma l3.ll (or (14.120 ). A^ is totally geodesic. Hence the restriction of each 
function in FT to A^ satisfies the equation (14. 3 P on {N,gN). Set Eq = {(a,v) G 
R X TpM : V ± Vwoip)} and Wq = {w : w E ^-^{Eq)}. Then dimWo = k - 1. 
Note that Vw{po) is tangent to A^ for each w G Wq. Applying the injectivity of 
the evaluation map for (A^, g^) at po "we infer that the restriction to A^ maps Wq 
injectively into Wh{N,gN). It follows that dimWh{N,gj^) > k — 1. If A; — 1 > 2, 
we can repeat the above argument. By induction, we deduce that {M,g) is isometric 
to ii^~^\{N, g^) for a connected complete manifold {N,gN) of dimension n — k + 1. 



Moreover, dimWh{N,gN) > 1. 

2) Next we consider the case k > 1. Note that the case in 1) is reduced to this 
case at the last stage. Choose a function wq G Wh{M,g) and a point po E M such 
that {w{po),'Vw{po)) 7^ (0,0). Then w is nonconstant, for otherwise it would be 
zero. If Vw{p) = 0, we can apply Theorem 14.11 to infer that {M,g) is isometric to 
H" = Hcosh(H"~^). li w{p) = 0, we can apply the above argument in 1) to deduce 
that {M,g) is isometric to Hcosh(-^, S'tv) for a connected complete {N,giy). Finally 
we consider the case fi = w{p) ^ 0,Vw(p) 7^ 0. As before, we choose w such that 
|Vu7(p)| = 1. We again apply Propostion 13.51 There holds 



h{s) = 1 + 2 rdr = s2 + l-/il (4.13) 

There holds | Vwp > 1 — /i^. If /x^ < 1, then F is a diffeomorphism from R x A^ onto 
M. Setting a = a/1 — /x^ and r = sinh~^(t/cr) we deduce 

F*g = dr^ + a"^ cosh^ r ■ g^. (4.14) 

Replacing g^ by a^gN we then infer that (M, g) is isometric to Hcosh(A^5 On)- If /^ = 1, 
we set s = e'^ as long as s > and deduce 

F*g = dr^ + e^'gN. (4.15) 

Since (R x A^, dr"^ + e^^gM) is connected and complete, we infer that s > everywhere 
and F coupled with the function e^ maps R x A^ diffeomorphically onto M. It follows 
that {M,g) is isometric to Hexp(A^, (^at). If /i = —1, we set s = —e^ and arrive at the 
same conclusion. If jj? > 1, we set a^ = /i^ — 1 and set r = cosh~^(s/cr) to deduce 

F*g = dr^ + a^smh.^r-gN. (4.16) 

There holds |Vwp = cr^sinh^r. We infer that, as r — )■ 0, each geodesic in the r 
direction converges to a critical point ofw. By Theorem 14. 31 we conclude that {M,g) 
is isometric to H" = Hcosh(H"'^-'^). 
3) Combining the above two cases we then arrive at the claim of the theorem. ■ 

Proof of Theorem \4-4\ By Theorem 14.51 we infer that (M, g) is isometric to the mani- 
fold ii]^~l(ii^{N,giy)) with (j) = cosh or exp. Then A^ is 1-dimensional, and hence is 
isometric to either R or S^(p) for some p > 0. Moreover, ii^{N,gN) is hyperbolic in 
either case of 0. It follows that H"~^(H0(A^, (yfAr)) is hyperbolic. ■ 

Proof of Theorem \4 ■ 3\ We follow the arguments in 1) of the proof of Theorem 14.51 and 
deduce that {M,g) is isometric to iI^~J^{N,gj^), where {N,giy) is either R or S^{p) 
for some p > 0. We also deduce that dimWh{N,gN) > 1. But Wh{S^{p)) = {0}. 
Indeed, each w G Wh{S^{p)) can be given by the formula w{9) = Acosh(6' + 6*0) for 
some A and ^o- Then A = because w must be 27r-periodic. It follows that {M,g) is 
isometric to H;;„^j^(R) = H'^. ■ 
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5 Euclidean Versions 

In this section we consider the following Euclidean analog of Obata's equation 

Vdw = 0. (5.1) 

Let We{M,g) denote the space of smooth solutions of (15.11) on {M,g). 

Theorem 5.1 Let {M,g) be an n-dimensional connected complete Riemannian man- 
ifold. Then dim We{M, g) > n iff (M, g) is isometric to R" or R"^"*^ x S"'^(p) for some 
p> 0. 

Next we characterize the general situation dimWe{M,g) > k,2 < k < n. Note 
dimWe{M,g) > 1 because of the presence of nonzero constant solutions. 

Theorem 5.2 Let {M,g) be an n-dimensional connected complete Riemannian man- 
ifold. Then dimWe{M,g) > k for 2 < k < n iff {M,g) is isometric to H'^^^ x A^ 
where N is a connected complete Riemannian manifold. 

Proof. We argue as in 1) of the proof of Theorem 14. 5[ Choose w and apply Theorem 
13.51 in the same way as there. Now the function h is given by h{s) = 1 and hence 

F*g = ds^ + gN. (5.2) 

It follows that {M,g) is isometric to R x A^ with the product metric ds"^ + g^. We 
apply the restriction to A^ and induction as before to arrive at the desired conclusion. 

■ 

Proof of Theorem 15. Jl This theorem is an immediate consequence of Theorem 15. 3[ ■ 
Another Euclidean version of the Obata equation is the following one. 

Vdw + g = 0. (5.3) 

The following theorem is a special case of Theorem 12.21 (It should be known.) 

Theorem 5.3 Let (M, g) be a connected complete Riemannian manifold of dimension 
n> 1, which admits a smooth solution of the equation ( 15. A]) . Then {M,g) is isometric 
to the Euclidean space R". 
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6 Rigidity Theorems for the General Equations 

( 10:31 ). ( 10:41 ) and ( [03T ) 



As mentioned in Section 3, a warped product analysis of the equation f l0.4p has 
been presented in [CC]. The focus in this section is on a dehcate aspect of this 
equation concerning the relation between z and w around critical points of w. We 
first formulate a few lemmas. 

Lemma 6.1 Let (M, g) he a Riemannian manifold and w and z two smooth functions 
on M satisfying ^0.4\) - Let po be a critical point of w and 7 a unit speed geodesic with 
7(0) = Pq. Then there holds 

Vz.o7 = ^^^7'. (6.1) 

Hence the parts of 'j where w{'y{t))' ^ are gradient flow lines of w. 

Proof. The argument in the proof of Lemma 11.51 can easily be adapted to the general 
equation (10. 4p . ■ 



Lemma 6.2 Assume the same as in the above lemma. Assume in addition that 
dim M > 2 and M is connected. If w has two sufficiently close critical points, then it 
is a constant function. Consequently, if w is a nonconstant function, then its critical 
points are isolated. 

Proof. Let pq be a critical point of w and Br{po) a convex geodesic ball. Assume 
that there is another critical point po of w in Br{po). Let 7 be the geodesic passing 
through Pq and pi. For p G -Br(Po) ~ 7? let 71 be the shortest geodesic from po to p, 
and 72 the shortest geodesic from pi to p. Then they meet at p nontangentially. By 
Lemma 16. H we deduce that p is a critical point of w. By continuity, every point in 
Br{po) is a critical point of w. The connectedness of M then implies that every point 
of M is a critical point of w, and hence w is a constant. I 



Lemma 6.3 Assume the same as in Lemma [6A\ and dim M > 2. Then each isolated 
critical point of w is nondegenerate. Equivalently, z{pq) ^ at each isolated critical 
point Pq of w. 



Proof. Let po be an isolated critical point of w. By Lemma \6A\ the geodesies starting 
at Po (with Po deleted) are reparametrizations of gradient flow lines of w until they 
reach critical points of w. It follows that small geodesic spheres with center po are 
perpendicular to the gradient of w and hence are level sets of w. Consider a unit 
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speed geodesic 7(t) with 7(0) = po- Set u(t) = w{-y{t)). By the just derived fact 
and the connectedness of small geodesic spheres, u{t) is independent of the choice of 
7. By the arguments in the proof of Theorem 11.11 we infer that the metric formula 
f ll.lQp holds true. If m"(0) = 0, then the metric would be degenerate at po- Indeed, 
the (n — l)-dimensional volume of dBr{po) would be bounded from above by cr^'"""^-*. 
We conclude that ^"(O) 7^ 0, which implies that Vdw\pQ is nonsingular. ■ 

Theorem 6.4 Let w and z he two smooth functions on a connected complete Rie- 
mannian manifold (M, g) of dimension n > 2, such that Iji0.4\ ) holds true. Then there 
is a unique smooth function f on the image of w such that z = f{w). If w is non- 
constant and has at least one critical point, then M is diffeomorphic to either R" or 
S". Moreover, {M,g) is isometric to Mf^^ for some n, where f is determined by the 
relation z = f{w). If w has no critical point, then {M,g) is isometric to the warped 
product R x^ {N,gN) for a connected complete Riemannian manifold {N,gi\f) and a 
positive smooth function (p on H. 

Proof. The case of w being a constant is trivial. So we assume that w is a nonconstant 
function. Based on the above lemmas, it is clear that the proof of Theorem 13.51 can 
be carried over to yield the same conclusions as there, without the formula (13. 9p . We 
set /(s) = z{F{s,p)) for a fixed p G N, and s E I, the interior of the image /^ of 
w. Then z = f{w) on fi = F{I x A^). Obviously, / is smooth on I. It is also clear 
from the properties of F that / extends continuously to J^. Let /x G dlw H J^. We 
claim that / is smooth at fi. Let po & M he the unique critical point of w such that 
w{po) = /i. Let 7 be a unit speed geodesic with 7(0) = po and set u(t) = w{-y{t)) 
as before. There holds u(0) = fi,u'{0) = 0. By Lemma [6731 m"(0) 7^ 0. Since u is 
independent of the choice of 7, it is an even function. Hence u = fi-\- at^ + Q{t^) with 
a 7^ 0, where Q is a smooth funtion with Q(0) = (5'(0) = 0. By the implicit function 
theorem we deduce t^ = II{u) for a smooth function H and small t and u. On the 
other hand, v{t) = z{'y(t)) is also an even function because z = f{w). It follows that 
V = G{t^) for a smooth function G. We arrive aX v = G{H{u)). Clearly, there holds 
/(s) = G{H{s)), and hence / is smooth at /i. 

With the above conclusion, the remaining part of the theorem follows from The- 
orem 11.11 ■ 

Rmeark In general, the above function / is not smooth at critical values of w if the 
dimension of M is 1. Consider e. g. M = R, w = x^ and z = — 3x^. Then w and z 
satisfy (I03D and f{s) = -3s^/^. 

An obvious equivalent formulation of the above result is the following theorem. 

Theorem 6.5 Let w be a smooth function on a connected complete Riemannian man- 
ifold (M, g) of dimension n > 2, such that Ii0.5\) holds true. Then there is a unique 
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smooth function f on the image of w such that —-Aw = f{w). If w is nonconstant 
and has at least one critical point, then M is diffeomorphic to either R" or S". More- 
over, (M, g) is isometric to Mf^^ for some fi, where f is determined by the relation 
— j^Aw = f{w). If w has no critical point, then {M,g) is isometric to the warped 
product R X(^ {N,gi\i) for a connected complete Riemannian manifold {N,gN) and a 
positive smooth function on R. 

With the help of Theorem 16.41 all the results in Sections 2 and 3 concerning the 
generalized Obata equation (10.21) extend to the more general equation (10. 3p . We 
formulate this in a combined theorem as follows. 

Theorem 6.6 The theorems in Sections 2 and 3 continue to hold if the equation 
liO.^) is replaced by the equation Ii0.3\) . and the conditions on f{s) are assumed to 
hold for f{s,p) for each fixed p. 

To illustrate the more precise details, we also state an individual case explicitly 
as one example. 

Theorem 6.7 Let {M,g) be a connected complete Riemannian manifold and f a 
smooth function on I x M for an interval I. Assume that f{-,p) is nondegenerately 
coercive for each p & M and that there is a nonconstant solution of W.3\) on (M, g) . 
Then M is diffeomorphic to S". Moreover, if dim M > 2, then {M,g) is isometric to 
Mf^^fj_, where /o = f{-,Po) and /i = w{po) for a critical point po of w. 

Finally, we state an easy consequence of the above results which provides a differ- 
ent angle of view. 

Theorem 6.8 Let {M,g) be a connected complete Riemannian manifold and f a 
smooth function on I x M for an interval I. Assume that there is a smooth solution 
w of the equation ( fO.gj) . Then f{s, ■) is a constant function on M for each value s of 
w. Consequently, no solution w of /i0.3\) can exist for a generic f. 

The condition of completeness can be removed, see [WY]. 
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